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Interaction of spherical particles dispersed in a liquid crystal
above the nematic-isotropic phase transition

A. Borštnik,1 H. Stark,2 and S. Žumer1
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2Institut für Theoretische und Angewandte Physik, Universita¨t Stuttgart, D-70550, Germany
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The effective interaction of micron-size particles immersed in a nematic liquid crystal at temperatures above
the nematic-isotropic phase transition is examined. Using the Landau–de Gennes theory we describe the
surface-induced ordering of the liquid crystal. Modeling a spherical particle by a sequence of conical surfaces
enables us to draw an analogy with the partial ordering in a thin nematic film and to obtain an analytical
expression for the two-particle interaction. Special attention is paid to the dependence of the effective inter-
action on temperature and on the interfacial coupling parameters, which are chosen in agreement with recent
experiments. We show that the interaction as a function of the interparticle distance exhibits a potential barrier
of the order ofkT. The height of the barrier decreases exponentially with increasing temperature while it grows
linearly with the interfacial coupling parameters.@S1063-651X~99!02810-X#

PACS number~s!: 61.30.Cz, 82.70.Dd
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I. INTRODUCTION

The first observations of forces mediated by a nem
liquid crystal were performed by Hornet al. @1# more than
fifteen years ago. Interest in an experimental analysis of s
interactions has been renewed recently when Musˇevič et al.
@2# have used an atomic force microscope~AFM! to probe
forces due to a surface-induced nematic order above
nematic-isotropic phase transition while Poulinet al. @3#
measured interactions between water droplets immersed
a liquid crystal deep in the nematic phase. Theoretically,
problem of forces in nematic liquid crystals was discussed
Poniewierski and Sluckin@4# who studied partially ordered
nematic films using the Landau–de Gennes approach. M
efforts were devoted to completely ordered nematic pha
In particular, fluctuation~Casimir! forces in thin nematic
films @5,6# and long-range interactions between colloidal p
ticles caused by the deformation of the surrounding nem
director field @7–10# were studied. Interest in partially or
dered nematic films has been renewed recently. Borsˇtnik and
Žumer @11# investigated forces between two parallel pla
immersed into a liquid crystal slightly above the bu
nematic-isotropic phase transition.

The motivation for performing a study of two-particle in
teractions in a partially ordered liquid crystal above the b
nematic-isotropic phase transition temperatureTNI results
from an enormous interest in colloidal dispersions amo
condensed-matter physicists. Especially, ‘‘exotic’’ effects
colloidal interactions, like fluctuation-induced Casimir forc
@12,13# and depletion forces@14–17# have attracted a lot o
attention recently. So far, only the interaction of partic
immersed into a liquid crystal deep in the nematic phase
been studied rather extensively, e.g., many efforts were
voted to the suspension of micron-size water droplets i
nematic liquid crystal@18,19#. However, besides a few ex
amples@20#, the behavior of the system when heated into
isotropic phase is practically unknown. We have, therefo
started a theoretical study of the interaction between
PRE 601063-651X/99/60~4!/4210~9!/$15.00
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spherical particles immersed into a partially ordered nem
liquid crystal aboveTNI @21#. A similar situation has also
been investigated by Galatola and Fournier@22#. However,
we would like to point out that their numerical study is fo
cused on nanometer-size particles with a rigid surface
choring of liquid crystal molecules while our analytical stud
deals with particles of micron size with a finite surface a
choring strength and is therefore closer to the experiment
investigated systems@19#. In this paper, we explore this typ
of colloidal interactions mediated by the surface-induc
nematic order aboveTNI , for which we develop an analyti
cal expression. It serves as a necessary background fo
study of pretransitional stability of liquid-crystal dispersion
An investigation of the possible temperature-induced floc
lation transition reminiscent to a similar effect in colloid
dispersions with polymeric stabilization@14# will be pre-
sented elsewhere.

In our previous study of the mean-field contribution
forces between two parallel plates immersed into a parti
ordered liquid crystal@11# it was shown that in the case o
homeotropic surface alignment, which results in a nond
torted director field, there is always an attraction between
plates. Since above the transition point an orientationally
dered phase costs more free energy than an isotropic pha
is favorable for the system to reduce the interplate dista
and thus also the amount of the material with nonzero liq
crystalline order. For large interplate distancesd the interac-
tion decays exponentially with increasingd. The characteris-
tic length scale of this decay is given by a correlation leng
which for a typical liquid-crystal material close to the tem
perature of the nematic-isotropic phase transition is of
order of 10 nm. In curved geometries like the one formed
dispersed spherical particles the director field is no lon
undistorted, and its contribution to the interaction has to
taken into account as well. Such a contribution is expecte
be repulsive since with decreasing interparticle distance
distortion of the director field increases. We notice tha
nematic ordering exists only close to the surfaces; theref
no defects of the director field are expected to appear in
4210 © 1999 The American Physical Society
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PRE 60 4211INTERACTION OF SPHERICAL PARTICLES
liquid crystal. Since the effective volume of nematic orderi
is reduced when the particles approach each other, we
expect an attractive component of the interaction. Both
tractive and repulsive contributions decay exponentially w
increasing distance between particles. In this paper we
show that the sum of both components yields an interac
exhibiting a potential barrier. Our treatment aims to be fu
analytic. We therefore replace the two spheres by sim
geometrical objects and approximate the director field
the order-parameter profile by properly chosen ansatz fu
tions.

The paper is organized as follows. In Sec. II we fi
present our model structure, which approximates two sph
cal particles. Further, we introduce the free energy consis
of the bulk and the surface coupling term. The approxim
tions for the order-parameter profile and the director field
described in Sec. III. Section IV is devoted to the analyti
expression for the liquid-crystal mediated interaction of t
particles. The interaction as a function of the interparti
distance, surface coupling parameters, and temperatu
studied in Sec. V. Finally, in Sec. VI, we discuss our resu

II. DESCRIPTION OF THE MODEL

In a spatially restricted liquid crystal, confining surfac
enforce certain orientation of molecules in the interfac
layer. In a nontrivial geometry belowTNI this leads to a
spatially dependent director field. The presence of the
face influences also orientational fluctuations of molecu
and thus modifies the degree of order and biaxiality. It a
reduces molecular exchange in the surface layer@23–25#. A
flat substrate promotes a formation of several smectic la
even at temperatures above the smectic-nematic phase
sition @26,27#. Above TNI , i.e., in the isotropic phase th
most significant effect of the substrate is the induction
orientational order extending beyond the surface layer. S
this ordering is weaker than in the nematic phase and is
localized to the vicinity of the interfaces, the effect of d
formed director fields and smectic layering is less p
nounced.

In our study we concentrate on temperatures aboveTNI .
Like in the study of forces between two parallel plates@11#
we limit our discussion to surfaces that prefer homeotrop
i.e., perpendicular anchoring of molecules. We further
sume that no smectic layers are formed in the film. T
assumption seems to be appropriate for the isotropic phas
5CB where rarely surface layers are found in contrast to 8
or 12CB where pretransitional smectic layering is often o
served@26,27#. Studies of the surface-induced ordering
confined liquid crystals with a film thickness larger than
nm @28–30# indicate that a combination of a phenomenolo
cal continuum approximation and an extra surface laye
molecular thickness and constant order gives a good des
tion of the liquid-crystal ordering. We therefore leave t
properties of the surface layer aside, and we simply cons
the surface layer as a part of the substrate. We stress tha
analysis is performed within a mean-field approximation
glecting order fluctuations. An estimate of liquid-crystallin
order fluctuations between two parallel plates immersed
an isotropic liquid crystal performed by Ziherlet al. @31#
shows that the fluctuation-induced forces usually yield onl
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minor correction to the mean-field values and will be the
fore left for further considerations.

The aim of our study is to estimate the liquid-crystal m
diated interaction of micron-size spheres immersed int
liquid crystal at temperatures slightly above the nema
isotropic phase transition. We concentrate on particle se
rations ranging from 10 to 70 nm. Namely, above t
nematic-isotropic phase transition nematic ordering dec
exponentially with increasing distance from the particle s
face that renders the liquid-crystal interaction almost ne
gible if the particle separation exceeds some correla
lengths, e.g., 70 nm. Furthermore, distances examined in
study correspond to the relevant range of particle interacti
in colloidal science@14#.

Since we deal with homeotropic anchoring and rath
weak deformations of the director field, we neglect any
axiality in the liquid-crystal ordering. We, therefore, descri
the nematic ordering with a simplified tensor orde
parameterQi j , which only contains the information abou
the degree of orientational orderQ(r ) and about the pre-
ferred axis, called the directorn̂(r ) @32#,

Qi j 5
1
2 Q~r !@3ni~r !nj~r !2d i j #. ~1!

Hereni stands for thei th component of the director.
By using the Landau–de Gennes phenomenological

proach we calculate the free energy of the system and de
mine the spatial dependence ofQi j . The approach assume
that Qi j changes slowly across the sample, so that the
spatial derivatives ofQi j are small quantities. Then the free
energy density of a liquid crystal is expanded into a series
Qi j and its derivatives,Qi j ,k5]Qi j /]xk , in the following
way @33–35#:

f 5 f b1L1Qi j ,kQi j ,k , ~2!

where a summation over repeated indexes is assumed.
coefficientL1 is a material-dependent ‘‘elastic parameter
In writing down Eq.~2! we use an one-constant approxim
tion as introduced in Refs.@33,34#, which corresponds to
L25L35L55L650 in Ref. @35#. As was explained by de
Gennes@36# and repeated by Pristely, Wojtowitz, and She
@33#, choosingL2Þ0 merely introduces some anisotropy
the coherence length with which the nematic order decay
different spatial directions aboveTNI @37#.

The term f b is the free-energy density of an undistorte
bulk liquid crystal,f b5 1

2 a(T2T* )Q21 1
3 bQ31 1

4 cQ4, with
a, b, c, and T* as temperature-independent constants.
temperatures close toTNI the value ofQ at the surface is no
small so that the13 bQ3 and 1

4 cQ4 terms cannot be neglected
If the surface coupling is very strong, which is not the case
our study, these terms can even yield a nematic wetting la
on the surface of the particles. However, the effect of th
third- and fourth-order terms becomes negligible if the te
perature is about a kelvin aboveTNI and if the particle sepa
ration is more than the correlation length. This is the case
the major part of our study. Nevertheless, we performed
estimate of the neglected terms by calculating the interac
energy of two parallel plates with homeotropic bounda
conditions for the two casesb,cÞ0 andb5c50. Like in
our analytical study we modeled the surfaces of the spher
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4212 PRE 60A. BORŠTNIK, H. STARK, AND S. ŽUMER
particles by a sequence of parallel plates. Omitting the c
tribution of the distorted director field and using the sa
surface coupling constant as in the rest of our study we fo
out that for temperatureTNI10.2 K and particle separation
larger than 10 nm the effect of the third- and fourth-ord
terms is almost unnoticeable. Therefore, these terms are
glected andf b is reduced to1

2 aDTQ2 whereDT stands for
T2T* .

Inserting expression~1! into Eq.~2!, the following expres-
sion for the free-energy density is obtained@33#:

f 5 1
2 aDTQ21 3

2 L1~“Q!21 9
2 L1Q2ugrad n̂u2. ~3!

Taking into account that the geometry of our system sho
in Fig. 1 exhibits cylindrical symmetry and assuming that
twist deformations in the director field are present we
that the directorn̂ is coplanar with the plane containing th
axis of symmetry. Its direction in this plane is described
the polar anglea betweenn̂ and the axis of symmetry@see
Fig. 2~a!#. Introducing cylindrical coordinatesr, w, andz, the
components of n̂ assume the following form, n̂
5(nr ,nw ,nz)5(sina,0,cosa), and the free energy of Eq
~3! can be written as

f 5
1

2
aDTQ21

3

2
L1~“Q!2

1
9

2
L1Q2Fsin2a

r 2
1S ]a

]r D 2

1S ]a

]z D 2G . ~4!

Dispersed particles influence the ordering of the liqu
crystal by an interfacial coupling. To describe thissurface
couplingwe add to the bulk free-energy density a commo
used extra surface term inQi j @38#. Introducing two surface-
coupling constantsGQ andGn our surface free energy yield
a generalization of the expressionG(Qi j 2Qsi j)

2 in Ref.
@39#:

f s5@GQ~Q2Qs!
213GnQQs sin2~a2b!#d~ ur2Rsu!.

~5!

FIG. 1. Modeling of the two particles (A and B) by conical
segments. As a result, the space between the particles is div
into several regions: 1,2, . . . .
n-
e
d

r
e-

n

e

y

The quantityb is the angle between the surface normal a
the z axis, andRs is the position vector, describing the su
face of the particles. The coupling term tends to equalize
scalar order-parameterQ of the liquid crystal with the value
Qs , preferred by the surface, and to rotate the directon̂
parallel to the surface normal. The constantsGQ and Gn
determine the strength of the coupling.

In order to obtain the effective interaction of particle
dispersed in a liquid crystal we assume that the medium i
a quasiequilibrium state characterized by a spatial dep
dence ofQ and n̂. This state can thus be determined by
minimization of the free-energy functionalF5*( f 1 f s)dV.
Taking into account Eqs.~4! and~5! this minimization yields
two second-order differential equations forQ and a in the
bulk,

¹2Q2
aDT

3L1
Q23Fsin2a

r 2
1S ]a

]r D 2

1S ]a

]z D 2GQ50, ~6!

¹2a2
sina cosa

r 2
50, ~7!

and the corresponding boundary conditions are

¹'Q5
2GQ

3L1
~Q2Qs!2

Gn

L1
Qs sin2~a2b!, ~8!

ed

FIG. 2. Introduction of the relevant notation.~a! In region 3 the
relevant lengthsl i , di , and angleb i , are introduced. For smal

interparticle distances the directorn̂ is modeled as the tangent vec
tor to a circle as illustrated for rigid surface anchoring. In region

the average distanced̄5 between the surface elementsA5 andB5 is

defined.~b! The polar anglea of the directorn̂ is illustrated.~c!
Illustration of the ansatz for the director field at large interparti
distances.
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PRE 60 4213INTERACTION OF SPHERICAL PARTICLES
¹'a5
Gn

3L1

Qs

Q
sin 2~a2b!. ~9!

Here ¹2 stands for the Laplacian in cylindrical coordinat
while ¹' stands for the directional derivative along the s
face normal.

Since for the geometry of Fig. 1 differential equations~6!
and ~7! are too complicated to be solved analytically w
simplify our problem. We choose a simplification, which e
ables us to draw an analogy with the partial ordering in a t
nematic film. In the first step the two spheres are appro
mated by several conical areas whose cross sections in
plane containing the axis of symmetry are polygons o
equally long line segments~see Fig. 1!. We choosen572
since this number of lines corresponds to a suitable valu
5 ° for the angle between two neighboring segments. If
assume the diameter of the object to be 0.5mm the length of
each polygon line is equal to 22 nm.

In the second step of our simplification we construct su
able ansatz functions for the order-parameter profile and
rector field rather than solving differential equations~6! and
~7! by a straightforward method. When choosing the ans
functions we will use the analogy with the problem of tw
parallel plates immersed into a liquid crystal. Namely, as
was shown in the study of pretransitional forces between
plates@11# the interaction is only noticeable if the distan
between the plates does not exceed a few nematic correl
lengths, i.e., 60 nm. Therefore the interval of our interest w
be 10–100 nm. Taking into account that the diameter of
particles is an order of magnitude larger than such distan
one can see that the relevant parts of the surfaces are a
flat, which encourages the use of the analogy with the pla
geometry.

III. ANALYTICAL EXPRESSIONS FOR THE ORDER-
PARAMETER PROFILE AND DIRECTOR FIELD

Approximate order-parameter profile.In order to deter-
mine the order-parameter profile,Q(r ), of a liquid crystal
between two particles, we divide the space between the
jects into several regions~see Fig. 1!. Each region is
bounded by surface elementsAi and Bi , and by the two
neighboring regions. Since we are determining interacti
we only have to calculate the order-parameter profile
those regions where the ordering of the liquid crystal is
fluenced by the surfaces of both particles. As we will disc
below, only the regions 1–9~see Fig. 1! are relevant. Espe
cially, the liquid-crystalline order in the area on the ‘‘fa
sides’’ of the spheres~i.e., opposite the region between th
two spheres! does not depend on the particle separati
Therefore, this area does not contribute to the interac
energy, and we will not take it into account in our calcu
tions.

As illustrated in Fig. 1 the surface elementsA1 andB1 are
parallel to each other, and we choose the order-param
profile in this region to be equal to the one obtained for t
infinite parallel plates immersed into an isotropic liquid cry
tal @11#. Furthermore, we approximate the order-parame
profile between the surface elementsA2 and B2 by the one
obtained for two infinite parallel plates whose interplate d
tance is taken to be the average distance betweenA2 and
-

n
i-
ny

n

of
e

-
i-

tz

it
o

ion
ll
r

es
ost
ar

b-

s
r
-
s

.
n

-

ter

-
r

-

B2 , d̄25 1
2 (d21d3). The order-parameter profiles for re

gions that are further away from the axis of symmetry a
obtained in the same way@see region 5 of Fig. 2~a!#.

In region 1~parallel plates! the free energy is minimized
by a director field pointing everywhere along thez axes, i.e.,
the direction perpendicular to the surfaces. Therefore ther
no contribution from the second term of surface energy~5!
and also the elastic part in the polar anglea of bulk free
energy~4! is zero. The order-parameter profile between
two platesA1 andB1 situated atz56 1

2 d1, respectively, fol-
lows from simplified differential equation~6! (]2/]z2)Q
2(aDT/3L1)Q50 and boundary condition~8! (]/]z)Q
52GQ/3L1(Q2Qs). Their solution has the formQ
5Qs cosh(z/j)/(coshd1/2j1gQ sinhd1/2j). Here, j
5A3L1 /aDT is the nematic correlation length whileL1 /GQ
is the surface extrapolation length@32#. We introduce the
ratio of the two lengths as a parameter,gQ5 3

2 (L1 /
GQ)(1/j).

In the regions 2,3,4, . . . , thesegmentsAi andBi are not
parallel to each other, and the director field can, therefo
not fulfill Eqs. ~7! and ~9! by pointing everywhere in the
region in the same direction. But the contribution of the
rector field distortion is small. We neglect then̂-dependent
terms in Eqs.~6! and ~8! and describe the order-paramet
profile by the same expression as in region 1. In this cased1

is replaced by the average distanced̄i between the surface
elementsAi andBi

Q5Qs

coshz/j

coshd̄i /2j1gQ sinhd̄i /2j
, ~10!

where gQ53L1 /(2GQj). Note that Q contains a term,
which crucially depends on the strength of the surface c
pling gQ

21}GQ .
Approximate director field.When constructing an ansat

for the director field configuration we must pay special
tention to the magnitude of the terms describing the con
bution of the director field to the free-energy densities
Eqs.~4! and~5!. The bulk terms are proportional toQ2 while
the surface terms include also terms proportional toQ. Since
Q decreases exponentially with increasing distance from
surface @see Eq. 10# the free-energy terms, which ar
n̂-dependent, contribute significantly only in the vicinity o
the surfaces. Forn̂ we therefore choose an ansatz that fulfi
the boundary condition of Eq.~9! while it does not com-
pletely fulfill differential equation~7! in the whole space.
When choosing the ansatz for the director field we dist
guish between two limiting cases. In the limit of small di
tances between the plates, i.e.,d'j, Q is noticeable ev-
erywhere in the region, and we describe the directorn̂ by a
tangent vector to a circle lying in the plane, which includ
the axis of symmetry. We choose the origin of the circle
such a way thatn̂ fulfills boundary condition~9!. Then the
components ofn̂o , where the indexo indicates the limit of
small distances, have the following spatial dependence:

n̂o5~nr ,nw ,nz!5~sina,0,cosa!5S 2z

Ar i
21z2

,0,
r i

Ar i
21z2D .

~11!
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Here, Ar i
21z2 is the radius of the circle withr i5r 2 l i

1 1
2 di cotbi1DRi , where DRi stands for gnj(1

1gQ tanhd̄i/2j)21(sinbi)
21 and becomes negligible in th

limit of strong surface couplingGn , i.e., gn5 3
2 (L1 /

Gn)(1/j)→0. Like in Eq. ~5!, b i.0 is the tilt angle of the
surface elementsAi and Bi against the mirror plane,l i is
their closest distance from the symmetry axes atr 50, anddi
is the closest distance between surface elementsAi and Bi
@see Fig. 2~a!#. A director field configuration for a very
strong surface couplingGn , which forcesn̂ to be perpen-
dicular to the surface, is schematically shown in region 3
Fig. 2~a!.

In the limit of larged(d@j) the two spheres do not in
teract. Q is negligible in the middle of the zone, and th
contribution of the director field to the free energy is t
least, if around each sphere the director fieldn̂`, where index
` indicates the limit of large distances, points radially o
ward. Close to thez50 plane the director fields of the tw
spheres are matched together by choosingn̂` as the tangen
vector of a circle with radiusRo/2 sinbi @see Fig. 2~c!#. The
parameterRo is chosen in such a way that the diameter of
area close toz50 where the director field is distorted
small in comparison tod while the radius of the circle shoul
be large enough to stay within the validity of the Landau–
Gennes approach. These limitations are fulfilled ifRo is of
the order of a few nanometers.

Increasing the distanced between the two particles th
director field should change continuously from the ansatzn̂o

at smalld to the fieldn̂` at larged. For medium values ofd
we therefore choose the director fieldn̂ as a weighted super
position of n̂o and n̂` :

n̂5e i n̂o1~12e i !n̂` . ~12!

The free parametere i is determined minimizing the free en
ergy in regioni, i.e., ]F/]e i50.

IV. EFFECTIVE INTERACTION OF TWO PARTICLES

In order to obtain the effective interaction between t
two particles that is mediated by the surrounding liqu
crystal we have to calculate the free energyF(d) of the
liquid-crystal ordering as a function of the interparticle d
tanced. We also needF(d→`) whered→` corresponds to
interparticle separations much larger than the correla
length. The interaction is then defined as the difference
tween these two quantities, Int(d)5F(d)2F(`).

We were not able to obtain analytically the volume in
gral of the last term of expression~4! without making the
following simplifications of the free-energy expression. W
have neglectedz2/r 2 in comparison to 1 in those region
where the director field distortion is different from zero, i.
in regions 2–9. This condition is not completely true f
region 2 but is well justified for all further regions. We hav
in addition, approximated the expressionr i(r )21z2, which
originates in ansatz function~11!, by r i(r )2 evaluated atr
5 1

2 ( l i1 l i 11). Here r i(r ) equals r i(r )5r 2 l i1
1
2 di cotbi

1DRi . The validity of this approximation can be demo
strated by evaluatingr i for different regions. We stress tha
we have checked the validity of our simplifications by co
f

-

e

e

-

n
e-

-

,

-

paring the analytically obtained integral with the numerica
integrated nonsimplified expression~4!. We have observed a
good agreement between both methods.

In the following we divide the interaction into its attrac
tive part resulting from the scalar order-parameterQ and its
repulsive part originating in the elastic distortion of the d
rector field.

The attractive interaction Inti
a corresponds to the volum

integral of the terms12 aDTQ2 and 3
2 L1(“Q)2 in Eq. ~4! and

the surface termGQ(Q2Qs)
2 in Eq. ~5!:

Inti
a53p

L1

j
Qs

2~ l i 11
2 2 l i

2!F tanh
d̄i

2j

11gQ tanh
d̄i

2j

2
1

11gQG .

~13!

The parametersl i , b i , gQ , and d̄i are introduced via Eqs
~10! and ~11!, and in Fig. 2. For larged, i.e., d@j,
the potential Inti

a decays exponentially, Inti
a5

26p(L1 /j)Qs
2( l i 11

2 2 l i
2)e2d̄i /j/(11gQ)2.

The repulsive interaction Inti
r corresponds to the integra

of the bulk term9
2 L1Q2@sin2a/r21(]a/]r)21(]a/]z)2# in Eq.

~4! and the surface term 3GnQQs sin2(a2b) in Eq. ~5!.
These two terms yield a repulsion of the following form:

Inti
r5

9

2
pL1Qs

2
l i 11
2 2 l i

2

cosh2
d̄i

2j
S 11gQ tanh

d̄i

2j
D 2

3F ~12e i !
2

4 sin2b i

Ro
2

F~Ro!12e i~12e i !
4 sinb i

Rok i

3F~Ro!1e i
2S 4

k i
2
F~ d̄i !1

4gnj

k i
2

cosh2
d̄i

2j

11gQ tanh
d̄i

2j

D G .

~14!

Here, F(x)5j sinhx/2j coshx/2j1x/2, k i5h i12DRi ,
and h i5 l i 112 l i1di /tanb i . The parametere i , defined in
Eq. ~12!, follows after minimizing Eq.~14! with respect to
e i :

e i5S 12
Ro

h i sinb i
D S 122

Ro

h i sinb i

1
F~ d̄i !

F~Ro!

Ro
2

~h i sinb i !
2D 21

. ~15!

The parametersl i , di , b i , and DRi are introduced in Eq.
~11! and in Fig. 2. In the limit of larged, i.e., d@j, expres-
sion ~14! reduces to the contribution of the far-fieldn̂` only
and yields an exponentially decaying function ofd: Inti

r

572pL1Qs
2( l i 11

2 2 l i
2)sin2biF(Ro)Ro

22e2d̄i /j/(11gQ)2.
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V. RESULTS

To obtain a feeling for the magnitude of the interacti
we use the following constants:a50.183106 J/m3 K, b
522.33106 J/m3, c55.023106 J/m3, L159310212 J/m,
andT* 5313.5 K, characteristic for a typical nematic liqu
crystal @40#. According to the Landau–de Gennes approa
the temperatureTNI of the nematic-isotropic phase transitio
is then equal toTNI5T* 12b2/9ac.T* 11.3 K, and the
corresponding correlation lengthj5A3L1 /@a(T2T* )#, at
TNI is '10 nm. In the following we discuss our results
terms ofDT5T2T* >1.3 K. We set the surface-orderin
parameterQs to 0.3 whileGQ and Gn , according to some
recent experimental data@29,30#, vary between 1
31024 J/m2 and 531023 J/m2, with the ratioGn /GQ not
being larger than 5.

Director field configuration. In Fig. 3 we present the co
efficientse i of Eq. ~15! as functions of the interparticle dis
tanced for relatively large values of the surface-couplin
parameters, i.e., GQ5131023 J/m2 and Gn55
31023 J/m2. We chooseDT52 K, which is 0.7 K above
TNI . Examining the curve corresponding to the regioni 52
one realizes that for smalld, d;j, e2 is nearly 1, i.e.,n̂
'n̂o . It decreases with growingd, and for larged, d@j;
it is close to 0, i.e.,n̂'n̂` . These results agree with ou
expectations about the director field configuration in the li
its of small and larged. We stress that in regioni 58 e i is
substantially smaller than 1, even ford'j. Its contribution
to the interaction is of the order of 10%. The contribution
region 9 is even smaller, 5% or less. Therefore, no furt
regions have to be taken into account.

Repulsive and attractive interaction. In order to convince
the reader that expressions~13! and~14! indeed represent a
attractive and repulsive interaction, respectively, we plot
Fig. 4 Inti

a and Inti
r for region 5. As our parameters w

chooseGQ5131023 J/m2, Gn5531023 J/m2, and DT
51.3 K. It is interesting to note that for smalld the absolute
value of Inti

a is larger than Inti
r , which results in an attractive

interaction. With increasing distance the interaction

FIG. 3. Coefficientse i @see Eq.~15!# for different regions as a
function of the interparticle distance. The surface coupling c
stantsGQ and Gn are 131023 J/m2 and 531023 J/m2, respec-
tively, andDT52 K.
,

-

f
r

n

-

creases, reaches a maximum atd553 nm ~see inset of Fig.
4!, beyond which it becomes repulsive. In the limit of larg
d, i.e., d@jNI'10 nm the interaction decays exponential

Inti
a1Inti

r}e2d̄i /j, as is shown in Eqs.~13! and ~14! ~see
inset of Fig. 4!.

Contributions of different regions to the interaction. In
Fig. 5 we present the contributions (Inti5Inti

a1Inti
r) from

the regions 2, 3, 5, and 7 and compare them to the t
liquid-crystal mediated interaction, i.e., the sum over regio
1–9: Int5( i 51

9 Inti
a1Inti

r . As expected, the contribution o
regions close to the axis of symmetry is crucial while t
regions further apart do not contribute significantly. W
would like to point out that the contribution of region 3
larger than the contribution of region 2. This can be eas
understood if one takes into account that for smalli the in-
crease of the interaction due to an increase in volume o

-

FIG. 4. Attractive and repulsive part of the interaction@see Eqs.
~13! and ~14!# and their sum as a function of the interparticle d
tance in region 5. The surface-coupling constantsGQ and Gn are
131023 J/m2 and 531023 J/m2, respectively, while DT
51.3 K. A magnified part of the figure is shown as the inset.

FIG. 5. Contributions Inti of different regions to the total two-
particle interaction (Int5( i 51

9 Inti
a1Inti

r) as a function ofd. The
surface-coupling constantsGQ and Gn are 131023 J/m2 and 5
31023 J/m2, respectively, whileDT51.3 K. A magnified part of
the figure is shown as the inset.
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comes the effect of the diminished order parameter as
moves from the regioni to the regioni 11.

Interaction at various temperatures. In Figs. 6~a! and 6~b!
we show the total inter-particle interaction Int as a functi
of d for various temperatures. The surface-coupling streng
are GQ5131023 J/m2 and Gn5531023 J/m2. In Fig.
6~a! we concentrate on the range of relatively strong attr
tion between particles, i.e., 10 nm,d,30 nm while Fig.
6~b! presents larger distances, i.e., 35 nm,d,100 nm
where the interaction exhibits a repulsion barrier.

We would like to point out that the magnitude of th
interaction strongly decreases with increasing tempera
for all distancesd. A closer look at the inset of Fig. 6~a!
where the absolute value of the interaction atd510 nm is
plotted in a logarithmic scale versusADT reveals that the
interaction atd510 nm is proportional toe2ADT/DTa, where
DTa50.4 K is a fitted parameter. We introduce an effect
distanceda'20 nm viaDTa53L1 /ada

2 , so that the expo-
nential decrease is described bye2da /j(DT), where j(DT)
5A3L1 /aDT is the correlation length atDT. On the other
hand, forDT,3.5 K, the magnitude of the repulsion barri

FIG. 6. Two-particle interaction Int as a function of distanced
between the particles at various temperaturesDT. ~a! In the range
10 nm,d,30 nm a strong attraction occurs. Inset: The absol
value of the interaction atd510 nm is plotted in a logarithmic
scale versusADT. ~b! Int(d) in the range of the repulsion barrie
i.e., 35 nm ,d,100 nm. Inset: The height of the repulsion ba
rier is plotted in a logarithmic scale versusDT. The surface-
coupling constantsGQ and Gn are 131023 J/m2 and 5
31023 J/m2, respectively.
ne

s

-

re

is proportional toe2DT/DTb, whereDTb50.67 K is again a
fitting parameter. This can be seen from the inset of Fig. 6~b!
where the magnitude of the peak is plotted in a logarithm
scale versus temperature. For largerDT the temperature de
pendence of the potential barrier height is more complica
Because of the relatively strong dependence of the liqu
crystal mediated interaction on temperature, already a co
of K above the bulk nematic-isotropic phase transition
attraction between our approximated particles is decrea
considerably, and the repulsive barrier becomes m
smaller thankT.

Influence of surface coupling parameters GQ and Gn. In
Figs. 7~a! and 7~b! we show how the magnitude of the inte
action is influenced by the surface-coupling constantsGQ
andGn . In Fig. 7~a! we present the interaction of particles
a function ofd for various ratiosGn /GQ . GQ is fixed to
131023 J/m2 andDT51.3 K. The magnitude of the inter
action increases with the ratioGn /GQ but there is no signifi-
cant change in the shape of the interaction curve. We, th
fore, choose the ratioGn /GQ to be 5 and focus our attentio
on the effect ofGQ @see Fig. 7~b!#. We find that the magni-
tude of the interaction decreases considerably withGQ . A
more detailed investigation reveals that the magnitude of
repulsion barrier is approximately linear inGQ .

e

FIG. 7. Two-particle interaction as a function of distanced for
different values of the surface-coupling constantsGQ and Gn ,
DT51.3 K. ~a! GQ is 131023 J/m2 while Gn is the curve param-
eter. ~b! The ratioGn /GQ is fixed while GQ is varied. Magnified
parts of the figures are shown as insets.
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PRE 60 4217INTERACTION OF SPHERICAL PARTICLES
VI. DISCUSSION AND CONCLUSIONS

We have shown that the interaction of two spherical p
ticles immersed into an isotropic liquid crystal depends
the interparticle distanced, on surface-coupling paramete
GQ and Gn , and on temperatureDT. Concentrating on the
spatial dependence of the interaction we show that the
ticles strongly attract each other in the regime character
by d;j, in full analogy to the interaction between two pa
allel plates. At largerd a repulsion barrier appears. Its heig
can be severalkT at the nematic-isotropic phase transitio
In the limit of larged, d@j, the repulsion decays expone
tially with increasingd. The shape of the interaction curve
a consequence of the sum of repulsive and attractive co
butions. The repulsive one originates in a distortion ofn̂
while the attractive one is due to changes in the scalar or
parameterQ.

The magnitude of the interaction depends on the surfa
coupling parametersGQ and Gn as well as on temperature
Generally, the magnitude of the interaction is rather inse
tive to the ratioGn /GQ but it increases linearly withGQ .
The most crucial is the dependence of the interaction
temperature. With increasingDT the strong attractive inter
action at smaller interparticle distances decreases
e2ADT/DTa while the height of the repulsion barrier decreas
approximately ase2DT/DTb. The parametersDTa and DTb
are of the order of 1 K. Therefore, even a small increase
temperature reduces the magnitude of the interaction so
the repulsion barrier drops well belowkT.

While obtaining the analytical expression for the intera
tion we have performed some simplifications. Although
have checked the validity of all simplifications one may s
suspect that the shape of the interaction curve might or
nate in our approximations. However, numerical calculatio
of the interparticle interaction, which are in progress@41#,
show the same behavior of the interaction as our analyt
approach.

We stress that in this paper we have concentrated on
pretransitional liquid-crystal mediated interaction of tw
ro
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spherical particles. We have derived the mean-field par
this interaction while an estimate of the contribution due
fluctuations shows that in most cases the latter represen
tiny correction@31#. According to our knowledge direct mea
surements of the two-particle interaction in the isotrop
phase have not been performed so far. However, some
rect investigations do exist. In the experimental study p
formed by Poulinet al. @19# it was shown that colloidal wa-
ter droplets remained stable for weeks if the system w
cooled deep into the nematic phase. However, the drop
coalesced in less than an hour after the system was heat
the isotropic phase. Using results of our study this pheno
enon can be explained in the following way. The liqui
crystal interaction exhibits a strong attraction at small p
ticle separations, which is followed by a weak repulsi
barrier of the order ofkT if the particles are moved furthe
apart. Since the repulsive barrier is decreased by the van
Waals attraction@42# typically down to a few tenths ofkT, it
can not prevent the droplets from coalescing and the dis
sion collapses.

To be able to predict the behavior of spherical particles
an experiment, one has to consider all possible two-part
potentials. Besides the one already mentioned, these inc
electrostatic and steric interactions. The combined effec
all the relevant interactions in an electrostatically stabiliz
colloidal dispersion will be published elsewhere.
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